There is evidence in favor of a relationship between the presence of 1/ f noise and computational universality in cellular automata. To confirm the relationship, we search for two-dimensional cellular automata with a 1/ f power spectrum by means of genetic algorithms. The power spectrum is calculated from the evolution of the state of the cell, starting from a random initial configuration. The fitness is estimated by the power spectrum with consideration of the spectral similarity to the 1/ f spectrum. The result shows that the rule with the highest fitness over the most runs exhibits a 1/ f type spectrum and its transition function and behavior are quite similar to those of the Game of Life, which is known to be a computationally universal cellular automaton. These results support the relationship between the presence of 1/ f noise and computational universality. key words: cellular automaton, genetic algorithm, computational universality, 1/ f noise
Introduction

Game of Life
The Game of Life (LIFE) [1] is one of the two-dimensional cellular automata (CA). Although the rule for evolution is very simple, it generates complicated patterns such as a glider that propagates infinitely until it is annihilated when it collides with another object on the array. Figure 1 shows the time evolution of a glider that proceeds diagonally downward one cell in every four time steps. White squares represent cells in state 0 and black squares represent cells in state 1. LIFE is able to emulate a conventional digital computer by considering a glider as a signal in a digital circuit [1] . LIFE can, moreover, emulate a Turing machine [2] and a Minsky's resister machine [3] . In computability theory, it is known that several effectively computable procedures such as Turing machines, the λ-calculus, and partial recursive functions are computationally equivalent, and the ChurchTuring thesis states that if an algorithm exists then there is an equivalent Turing machine to execute that algorithm. These computation systems are called computationally universal because they can perform any computation if an algorithm exists. It is obvious that conventional digital computers are computationally universal. Therefore, it is natural to suppose that LIFE has computational universality. Another distinctive characteristic of LIFE is 1/ f noise [4] . The power spectrum calculated from the time evolution of cells starting from a random initial configuration exhibits 1/ f characteristics. 1/ f noise is a random process whose spectrum S f as a function of the frequency f behaves like 1/ f β with β ≈ 1 at low frequencies. 1/ f noise has been observed in various phenomena such as the voltages or currents of vacuum tubes, diodes, and transistors or the frequency of quartz crystal oscillators, but a general explanation of this behavior has not yet been forthcoming [5] - [7] .
Rule 110
Another example of CA exhibiting both computational universality and 1/ f noise is found in one-dimensional and two-state, three-neighbor CA called elementary CA (ECA). The transition function of ECA rule 110 is given by: The upper line represents the 8 possible states of the neighborhood of a cell and the lower line specifies the state of the center cell at the next time step. The total number of possible distinct ECA rules is 2 8 = 256 and every rule is abbreviated by the decimal representation of the binary sequence of the lower line. Of the 256 ECA rules, 88 remain independent (see the appendix in [8] ). The top of Fig. 2 shows a typical example of the space-time pattern of rule 110 starting from a random initial configuration. In a space-time pattern, configurations obtained at successive time steps in the evolution are shown on successive horizontal lines. The spacetime pattern in Fig. 2 consists of 100 cells for 100 time steps. The periodic background of little white triangles with period seven is referred to as "ether". There are several kinds of gliders propagating through the ether. Rule 110 has been expected to be capable of supporting universal computation by emulating cyclic tag systems [9] and subsequently this was proved [10] . The bottom of since the other half are redundant. Both the x and y axes are plotted on a logarithmic scale. The dashed line represents the least squares fitting of the power spectrum from f = 1 to f = 10 by ln S ( f ) = α + β ln f , β = −1.3. The power spectral analysis of the evolution of 88 independent ECA revealed that rule 110 exhibits 1/ f noise during the longest time steps [11] .
Computational Universality and 1/ f Noise
Together with the observational fact that both computationally universal CA and 1/ f type CA are rare, these results suggest a relationship between computational universality and the existence of 1/ f noise in CA. The instances supporting the relationship are, however, just the above-mentioned two rules. To confirm this hypothesis, first of all, we have to find more examples of CA that exhibit 1/ f noise. In this paper we use genetic algorithms (GAs) to find CA with 1/ f noise in a two-dimensional two-state CA rule space which includes LIFE as a specific example. GAs were used to discover CA with desirable properties by Mitchell et al. [12] , [13] . In their work they searched for one-dimensional CA which can perform a task called the density classification problem (DCP). In this problem, CA are required to evolve all cells to state 0 if cells in state 0 outnumber cells in state 1 in the initial configuration. A one-dimensional, twostate, seven-neighbor CA rule called the GKL rule after Gacs, Kurdyumov, and Levin is known to yield good performance [14] , [15] . Mitchell et al. were able to find a CA comparable to the GKL rule in performance. In this paper GA search is done based on power spectral similarity to the 1/f spectrum. If the relationship between computational universality and 1/ f noise is valid, we might be able to acquire a computationally universal CA like LIFE as a result of a search for 1/ f type CA. This paper is organized as follows. Power spectral analysis is explained in Sect. 2. We describe the experiment and its results in Sect. 3. Section 4 discusses the implications of the results of the experiment.
1/ f Noise in LIFE
A two-dimensional CA is a lattice system, which evolves in discrete time steps. Every site takes on state 0 or state 1 at each time step and is updated synchronously according to a rule. Let s x,y (t) denote the state of the cell at position (x, y) at time step t. The transition function d of CA dealt with in this study is defined as
where n x,y (t) denotes the sum of the states of the eight nearest neighboring sites around the site (x, y) at time step t. Namely, the state of the site depends both on the sum of the states of surrounding sites and on the state of the site itself. This kind of rule is called outer totalistic [16] . The rule of LIFE is defined by
It is often denoted B3/S23 in a widespread notation in which the "B" stands for "birth" and the "S" stands for "survival". Spectral analysis is a useful method for investigating dynamical systems [17] . While it has been used for the analysis of the spatial structure produced by one-dimensional CA [18] , we apply it to the analysis of the temporal behavior of two-dimensional CA. The discrete Fourier transform † of a time series of states s x,y (t) of the site (x, y) for
Let us define the power spectrum of CA as
where the summation is taken over all cells in the array. The least squares fitting of the power spectrum S f
from f = 1 to f = f b gives the coefficients α and β. The † See, for example, chapter 13 in [19] on this subject. residual sum of squares σ 2 is given by
where N r is the number of data elements used for the calculation of σ 2 . Throughout this paper the array consists of 100 × 100 sites and periodic boundary conditions are used. The array is started from a random initial configuration in which each site takes state 0 or state 1 randomly with independent equal probabilities. The power spectrum of LIFE for T = 8000 is shown in Fig. 3 . The dashed line represents the least squares fitting of the spectrum in the range from f = 1 to f b = 10 with α = 2.841 ± 0.128 and β = −1.402 ± 0.077. This power spectrum behaves like 1/ f β with β ≈ 1 at low frequencies and it is considered to be 1/ f noise.
We shall look briefly at the origin of 1/ f noise in LIFE. Intermittency in chaotic dynamical systems is one of the main mechanisms to produce 1/ f type noise [20] . A system with a particular parameter value exhibits periodic behavior, which is disrupted occasionally and irregularly by a "burst". This burst persists for a finite duration, then it stops and a new periodic behavior starts. Intermittent chaos occurs when the transition from periodic to chaotic behavior takes place as the parameter is varied. During the transient behavior of LIFE, the evolution goes through alternately periodic phases in which gliders are shifting without a collision and bursts caused by collision of the gliders. It seems likely that the recurrence of the periodic phases and the bursts generates intermittency and causes the 1/ f noise in LIFE. A similar explanation applies to the 1/ f noise of rule 110.
Experiment
Fitness
We redefine the transition function (1) as follows:
Since we consider the state zero as the quiescent state, we impose the condition d(0, 0) = 0 on the rules. A transition function of a CA is, therefore, encoded into a 17 bit string x 17 x 16 · · ·x 1 . For example the rule of LIFE (2) is represented by "00000000001110000" under this encoding. The fitness of a rule is calculated from the shape of its power spectrum; more specifically, it is given by the coefficient β in (5) and the residual sum of squares σ 2 in (6) as follows:
where δ is a correction term to avoid division by zero and is set to 1 × 10 −6 throughout this research. The numerator is intended to award a large fitness value to a rule with the negative exponent β. A rule with positive coefficient β is rarely generated because of the preliminary selection mentioned below. The denominator is supposed to guarantee that the spectrum fits the power law over a broad range of frequencies. Therefore we set f b = 10, N r = 3000 in this experiment. The residual sum of squares σ 2 of LIFE calculated from the power spectrum shown in Fig. 3 is 0.0073 and the fitness F is 193 under these conditions.
Details of the Experiment
CA rules are parameterized by a parameter λ which is the fraction of nonzero output states in the transition function [31] . As λ varies from 0 to 1−(1/K) (K is the number of cell states), CA change from the most homogeneous rule to the most heterogeneous rule. So we randomly generate rules whose λ is uniformly distributed between 1/18 and 9/18 in the initial population.
The time evolution from a random initial configuration with array size 100 × 100 leads to periodic behavior through transient behavior in about 2000 time steps on average in LIFE [21] . Since the 1/ f spectrum in CA is caused by the transient behavior from random initial configurations, as the duration of observation T in (3) becomes longer, the power spectrum deviates from a 1/ f spectrum, especially at low frequencies. When T becomes greater than 7200 in the 100 × 100 square array in LIFE, the power spectrum becomes flat at low frequencies as shown in Fig. 3 . In this research we set T = 8000 to find CA having a transient length comparable to or greater than that of LIFE. The long duration of observation with finite array size causes flattening of power spectrum at low frequencies of most of the rules and therefore the coefficient β is rarely less than −1. As a result, the fitness function (8) works well to search for rules with 1/f spectrum. But the calculation of the power spectrum for T = 8000 needs a lot of computation time. So we carry out a preliminary selection from randomly generated rules to remove rules whose spectrum is far from a 1/ f spectrum. In the preliminary selection the power spectra S f for T = 1024 of randomly generated rules are calculated and we pick the rules with β ≤ −0.3 in (5) for f b = 400.
The experiment proceeds as follows.
1. A population of rules with λ varying between 1/18 and 9/18 is randomly generated. 2. The rules with β ≤ −0.3 according to least squares fitting of the power spectrum for T = 1024 and f b = 400 are selected. The selected rules are gathered as an initial population of P rules. 3. The fitness F is calculated with T = 8000 for each rule in the population. 4. A number E of the highest fitness rules are copied without modification to the next generation. 5. The remaining P − E rules for the next generation are formed by uniform crossovers with a probability of P c between pairs in the population chosen by roulette wheel selection. Every bit of the offspring from each crossover is mutated with a probability of P m .
One generation consists of steps 3 -5 and they are repeated for several generations in a single run. Our experiment is composed of 30 runs with the parameters P = 140, E = 10, P c = 0.6, and P m = 0.03.
Generally the shape of the power spectrum for twodimensional CA does not depend on the initial configuration so much as that for one-dimensional CA. One of the reasons is that the propagating pattern in a two-dimensional lattice can detour around stationary structures and therefore the evolution is not greatly influenced by the initial configuration. Therefore we use a single initial configuration from which CA evolves in the experiments. The values of β and σ 2 of every generated rule are recorded in a database to reuse in calculating the fitness of the same rule as it appears again in later generations. By using this method, instead of computing the fitness of every generation, considerable computation time can be saved.
Results
We performed the experiment for a total of 8023 generations in 30 runs and calculated the power spectra of 22694 rules. Figure 4 shows two typical examples of the evolution of fitness of the population. In the upper example the best fitness in the population reaches its maximum value at the 9th generation. This kind of evolution, in which the best fitness reached its maximum value at an early generation, was observed in 25 out of 30 runs. In the lower example the best fitness in the population reached its maximum value at the 136th generation. This kind of evolution, in which the best fitness reached its maximum value at a later generation, was observed in 5 out of 30 runs.
Let us describe the three kinds of rules that led to the three highest values for fitness obtained in the experiment. The top of Fig. 5 shows the power spectrum of the rule B358/S2345 with the highest fitness F = 996 (β = −0.587, σ 2 = 0.00059). The dashed line in the power spectrum represents the least squares fitting of the spectrum from f = 1 to f = 10. The bottom of Fig. 5 shows the pattern at time step t = 1000 generated from the same initial configuration as was used in calculating the power spectrum. The observation of the time evolutions from random initial configu- 5 Power spectrum (top) and the pattern (bottom) of the rule B358/S2345 with the highest fitness value F = 996. The power spectrum is estimated by the evolution of 8000 time steps starting from a 100 × 100 random initial configuration. The dashed line represents least squares fitting of the spectrum by ln(S f ) = α + βln( f ) from f = 1 to f = 10 with β = −0.59. The pattern is shown at time step t = 1000 generated from the same initial configuration.
rations shows that the state of cells changed abruptly and fixed patterns like a maze were gradually formed as the time evolution proceeded. We calculated the values of β and σ 2 for ten distinct initial configurations for confirmation. The averages of β, σ 2 , and F were −0.786, 0.001, and 951 respectively.
The top of Fig. 6 shows the power spectrum for the rule B367/S12578 with the second highest fitness F = 661 6 Power spectrum (top) and the pattern (bottom) of the rule B367/S12578 with the second highest fitness F = 661. The power spectrum is estimated by the evolution of 8000 time steps starting from a 100 × 100 random initial configuration. The dashed line represents the least squares fitting of the spectrum by ln(S f ) = α + βln( f ) from f = 1 to f = 10 with β = −0.28. The pattern is shown at time step t = 1000 generated from the same initial configuration.
(β = −0.282, σ 2 = 0.00043). The bottom of Fig. 6 shows the pattern at time step t = 1000 generated from the same initial configuration. The state of cells changed abruptly and clusters composed of cells in state 1 were gradually formed as the time evolution proceeded. The averages of β, σ 2 , and F over ten distinct initial configurations were −0.214, 0.0005, and 434, respectively. Although B358/S2345 and B367/S12578 have high fitness, the exponents β in these power spectra are not close to −1. Therefore these are not considered to be exhibiting 1/ f noise. The high values of fitness is primarily due to the lowness of the residual sum of squares σ 2 . There seem to be no propagating structures in B358/S2345, although there are seven types of gliders in B367/S12578 [22] .
The top of Fig. 7 shows the power spectrum of the rule B378/S23 with the third highest fitness F = 574 (β = −1.051, σ 2 = 0.0018). The bottom of Fig. 7 shows the pattern at time step t = 1000 generated from the same initial configuration. The evolution from random initial configurations is quite similar to that of LIFE. The averages of β, σ 2 , and F of rule B378/S23 over ten distinct initial configurations are −1.042, 0.0024, and 440, respectively. B378/S23 became the rule with the highest fitness in 15 out of 30 runs while B358/S2345 became highest in two runs and B367/S12578 highest in three runs. Figure 8 shows several examples of static patterns observed in B378/S23. All of these static patterns are also observed in LIFE. The rightmost pattern in Fig. 8 is called an "eater" because it can annihilate a glider when a glider collides with it. Figure 9 shows the alternate cycle of periodic patterns with period two observed in B378/S23 which are Fig. 7 Power spectrum (top) and the pattern (bottom) of the rule B378/S23 with the third highest fitness F = 574. The power spectrum is estimated by the evolution of 8000 time steps starting from a 100 × 100 random initial configuration. The dashed line represents the least squares fitting of the spectrum by ln(S f ) = α + βln( f ) from f = 1 to f = 10 with β = −1.1. The pattern is shown at time step t = 1000, generated from the same initial configuration. also observed in LIFE. There is the same glider in B378/S23 as in LIFE shown in Fig. 1 . There is a pattern called a "glider gun" in LIFE which can emit gliders periodically. Figure 10 shows the pattern of a glider gun at a certain time step which emits a new glider every 30 time steps toward the lower right. However, it does not work in B378/S23.
We shall look more carefully into the influence of the differences in the two rules upon the behavior they yield. The rule of B378/S23 is different from that of LIFE (B3/S23) for two output states:
This difference in the rule does not affect the time evolution of the small patterns shown in Fig. 8 and Fig. 9 but does make a difference in the time evolution of a complicated structure such as the glider gun; in addition it makes the transient behavior in B378/S23 last longer than in LIFE. Figure 11 shows the time evolution of the density of cells in state 1 in B378/S23 (top) and in LIFE (bottom), starting from the same random initial configuration with density 0.4978 used in calculating the power spectrum. Whereas the density reaches a stable value of 0.0323 at t = 2049 in LIFE, it reaches a stable value of 0.0259 at t = 6210 in B378/S23. Figure 12 shows the pattern at time step t = 6210 of B378/S23 (top) and at time step t = 2049 of LIFE (bottom). There remain only static and periodic patterns in both arrays and the two patterns look similar. We can surmise that the long period of transient behavior brings about a 1/ f type spectrum and a higher fitness value to B378/S23. transition functions between B378/S23 and LIFE does not matter for their time evolution at later time steps. This is because the shape of the power spectrum of B378/S23 is similar to that of LIFE.
Conclusion
In this paper we performed an experiment to search for two-dimensional two-state nine-neighbor outer totalistic CA with a 1/ f spectrum by means of GAs. B378/S23 with the third highest fitness in the whole experiment had a 1/ f spectrum and the highest fitness in 15 out of 30 runs. The transition function of B378/S23 differed in just two output states from that of LIFE and its behavior was quite similar to that of LIFE; moreover, the same static, periodic, and propagating patterns were observed as in LIFE. These patterns and their interactions seem to be sufficient to yield intermittency during the evolution from a random initial configuration. This result corroborates the hypothesis on the origin of 1/ f noise in CA being due to intermittency mentioned at the end of Sect. 2.
Although computational universality of B378/S23 is not apparent, B378/S23 exhibits a 1/ f power spectrum and is quite similar to LIFE, a computationally universal CA, in respect of transition function and behavior. These results imply the efficacy of the search methods used in this research to find 1/ f -type rules. Since we can expect that the proposed method is effective in the search in other CA rule spaces such as a two-dimensional three-state nine-neighbor outer totalistic CA rule space that we anticipate dealing with in future work, we might be able to find a 1/ f -type rule that is consequently very close to a computationally universal rule. The rules with the highest and the second highest fitness in the experiment do not have a 1/ f spectrum. This defect suggests that there is still room for improvement in fitness estimation.
A number of computationally universal CA have been invented in two dimensions [23] - [27] and one dimension [28] - [30] . These CA can perform the process of universal computation only from elaborately designed initial configurations. We have, however, focused on time evolution from a random initial configuration throughout this paper, because our primary concern is the dynamics which brings about computational universality, rather than the behavior generated from a particular initial configuration. All the transition functions of these CA were only partially fixed to support universal computation and thus contain a degree of arbitrariness for evolving the CA from a random initial configuration. According to the usual conventions, the remaining transition function, which is not applied during the computing process, could be defined as the identity (keeping the value of the center cell) or as a function which returns the quiescent state. These two conventions, however, result in completely different time evolutions when the CA evolves from a random initial configuration [30] . This might be an impediment to elucidating the relationship between computational universality and 1/ f noise, or more generally, the relationship between computational ability and the dynamics that yields it. We, therefore, should consider CA with less arbitrariness in their defining transition functions.
The hypothesis of "the edge of chaos" has evoked considerable controversy [31] . This hypothesis says there arises a kind of phase transition from regular to chaotic behavior when traversing a CA rule space and CA with the ability to perform universal computation are located at the phase transition. This phase transition is called the edge of chaos. It is known that the average transient length from a random initial configuration grows rapidly in the vicinity of the edge of chaos; this is known as the critical slowing down in the study of phase transitions. Considering this idea together with the fact that longer transients result in a 1/ f power spectrum for longer time intervals, we can guess that the critical slowing down at the edge of chaos and the 1/ f noise in CA are different views of the same phenomenon. The edge of chaos has been observed by means of statistical quantities such as entropy or mutual information [32] . If this conjecture is correct, the presence of 1/ f noise can be another measure to detect the edge of chaos.
